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Mitigation of the seismic response of
multi-span bridges using MR dampers:
Experimental study of a new SMC-based
controller
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Abstract

Pounding between adjacent structures has been a concern in multi-span bridges in recent earthquakes. In this paper, a

pounding mitigation strategy using magnetorheological dampers is proposed, and its performance is tested for a three-

span bridge using a series of shake-table experiments. A new semi-active control algorithm called SMC-OPC is developed

that is based on a clipped sliding mode control (SMC) with sliding surfaces designed using an optimal polynomial control

(OPC) approach. The control design uses a stochastically linearized model of the nonlinear bridge with passive com-

ponents of the magnetorheological dampers embedded to achieve a more representative system characterization.

Optimal weighting matrices for the optimal polynomial control are found through a genetic algorithm. The proposed

method along with uncontrolled, passive-off, and passive-on cases are tested on shake-tables for several scaled near-field

Kobe ground motion records. Although no pounding is observed in all control cases for small earthquakes, significant

pounding occurs in the uncontrolled and passive-off systems under large earthquakes. For these ground motions, the

performance of the semi-active controller converges to that of the passive-on case but with noticeably reduced power

consumption. The study shows that the use of magnetorheological dampers between adjacent spans is very effective in

mitigating critical bridge responses especially under large earthquakes. In addition, the proposed SMC-OPC semi-active

control strategy enables achieving balance among multiple performance objectives with significantly reduced power

consumption as compared to passive-on case.
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1. Introduction

The complex behavior of bridges during seismic events
and the vulnerabilities of these assets have been exten-
sively studied with the purpose of improving the design
and providing cost-effective mitigation options to
reduce the potential of various types of damage and
catastrophic failures. Primary types of damage that
have been studied are shear and flexural failure of col-
umns (Han et al., 2009; Kim et al., 2010), expansion
joint failure (Zhang et al., 2008; Raheem, 2009), local
failure of hinge bearings (Song and Kim, 2007; Johnson
et al., 2008; Saiidi et al., 2012), and deck collapse
(Pamuk et al., 2005; Han et al., 2009). To enhance
the seismic performance of bridges, various retrofit

strategies have been developed such as cable restrainers
(DesRoches et al., 2003; Andrawes and DesRoches,
2007; Padgett et al., 2010), column steel jackets (Kim
and Shinozuka, 2004), friction pendulum bearings
(Dicleli and Mansour, 2003), and carbon fiber
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reinforced polymers (Yeh and Mo, 2005; Zaghi et al.,
2012; Moustafa and Mousalam, 2015). Structural con-
trol provides an alternative solution to enhance the
safety and serviceability of bridges against moderate
to large earthquakes such that these systems can
remain operational following earthquakes (Park et al.,
2005; Agrawal et al., 2009; Maddaloni et al., 2011; El-
Khoury et al., 2015).

Pounding between adjacent decks in multi-span
bridges is a type of damage that can impact the func-
tionality of bridges following earthquakes and, there-
fore, has to be considered in the design of new or
retrofit of existing bridges. Moreover, pounding is a
complex phenomenon that induces plastic deformation,
local cracking, and fracturing (DesRoches et al., 2011;
Naserkhaki et al., 2012; Efraimiadou et al., 2013). In
multi-span highway bridges, pounding during seismic
events may induce minor (concrete crushing) to major
(span unseating) damage (Kawashima et al., 2009; Huo
and Zhang, 2012; Won et al., 2015). Structural control
is a possible solution to the problem of pounding of
adjacent structures (Zou et al., 2012). In addition to
its ability to mitigate pounding, it can minimize other
key responses of interest such as column displacement
and deck acceleration (Abdel-Rohman and John., 2006;
Guo et al., 2009;Huo et al., 2012; Basili et al., 2013; Saaed
et al., 2015). In that respect, magnetorheological (MR)
dampers are employed that exhibit desirable features such
as robustness, stability, adaptability, and low power
requirements as compared to active and passive-on
(input current set at maximum value) systems (Agrawal
et al., 2003; Leavitt et al., 2006; Yang and Cai, 2015).
However, a primary challenge in designing control algo-
rithms for this type of semi-active dampers arises from the
nonlinear behavior of the device and the constraints on
achievable control forces. An approach to overcome this
complexity is to use clipped optimal control designs based
on sliding mode control (SMC) method.

The SMC algorithm is not based on a minimization
procedure such as those in conventional optimal feed-
back control methods, and the design of the sliding
surface is a subjective procedure that relies heavily on
the experience of the designer. For instance, Yang
et al. (1994) introduced linear sliding surfaces based
on a regular form transformation and a linear quad-
ratic regulator (LQR) methodology. The surface
designs were analyzed on linear elastic systems
(Yang et al., 1995a) and hysteretic systems (Yang
et al., 1995b). The control design showed noticeable
improvements, and robustness was examined and ver-
ified by varying the structural stiffness within 10%.
Yang et al. (1996) tested the sliding surface design
for a seismically excited building and showed that
the SMC design provides better peak response

reduction as compared to traditional feedback LQR
control algorithms.

However, the control law presented by Yang et al.
(1994) cannot be achieved unless the external excitation
is known in advance. To address this issue, Adhikari
and Yamaguchi (1997) replaced the excitation depend-
ent feedforward component by a Heaviside function
that compensates for effects of stochastic disturbances
and enhances the stability of the system. The Heaviside
component is a source of chattering which causes
damage to mechanical components. As a result, this
discontinuous component was replaced by a smooth
tangent-hyperbolic function. These design strategies
were shown to performance well in terms of reducing
peak responses in actively and semi-actively controlled
multistory buildings (Guclu, 2006; Wang and Lin,
2007; Fan et al., 2009) and bridges (Lee and Chen,
2011a, 2011b). However, implemented linear sliding
surfaces restrict the control performance in terms of
response reduction and control force minimization for
nonlinear systems. In this paper, a new approach is
developed to design SMC controllers based on a non-
linear feedback optimal polynomial control (OPC) that
generalizes LQRs to include higher order terms. The
control algorithm, called sliding mode control based
on OPC (SMC-OPC), is expected to yield better peak
response reduction compared to linear SMC surface
design at no additional cost. In general, the proposed
semi-active control design is intended to provide a bal-
ance between the performance of the controlled system
and the power consumption of the controller. The
former objective relates to the serviceability and reli-
ability of the structural systems, whereas the latter
one corresponds to the performance of the control
device (Bajaj et al., 2014). In this respect, during large
seismic events where safety and reliability of the bridge
is the major concern, the performance of the semi-
active controller converges to that of the passive-on
controller but with considerably reduced power
consumption.

The proposed semi-active control algorithm is ana-
lyzed and tested using shake-table tests on a three-span
bridge with a total length of 12.0m equipped with two
MR dampers attached between adjacent spans. A com-
prehensive step-by-step procedure is presented for the
control design. This is followed by modeling nonlinear
bridge components to capture hysteretic responses and
pounding. Then, a statistical linearization approach is
implemented to provide an equivalent linear model,
while accounting for the uncertainty in the system
response owing to seismic disturbances. Next, clipped-
optimal SMC is designed according to a second-level
optimization that determines the optimal semi-positive
definite weighting matrices. The design is tested using
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shake-table tests of a three-span bridge subjected to a
scaled Kobe ground motion (denoted by KB). In the
testing procedure, the MR dampers are set to minimum
and maximum current values, as well as the optimal
current determined from semi-active control strategy.
The results are elaborated for small- and large-scaled
Kobe earthquake ground motions at different con-
trolled states: uncontrolled structure (the bridge with-
out MR dampers), passive-off (where the input current
is set to zero at all times during earthquakes), passive-
on (where the input current is set to maximum value at
all times during earthquakes), and semi-active case (in
which the input current ranges between minimum and
maximum values according to the proposed clipped
SMC-OPC algorithm).The performance of these con-
trol cases is compared based on maximum absolute dis-
placements of the decks, maximum relative
displacements between adjacent deck segments and
between deck segments and abutments, and finally the
maximum absolute acceleration of deck segments. A
primary control objective is to reduce maximum rela-
tive displacements that control the likelihood of
damage owing to pounding. Another goal of the con-
trol system is to reduce the maximum absolute displace-
ments and the peak accelerations in order to mitigate
damage to supports (Johnson et al., 2008; Saiidi et al.,
2012) and enhance riding comfort (Kwon et al., 1998;
Ni et al., 2001; Yau, 2009). The different control cases
of the MR dampers considered in this study exhibit
various attributes such as the adaptability to earth-
quake characteristics and the reduced power consump-
tion in semi-active state, the suboptimal response
reduction in passive-on state, and the functionality of
the MR dampers when no power is available in the
passive-off state.

The rest of this paper is organized as follows. Section
2 presents a detailed derivation of the novel control
algorithm called SMC-OPC for the semi-active control
of the system. Next, characteristics of the case study
bridge along with modeling techniques for the rubber
bearings, MR dampers, and pounding behavior and
their validation with experimental results are explained
in Section 3. Section 4 describes the procedure for sto-
chastic linearization of the system and optimization of
the clipped semi-active control design. Shake table
experiment results for the proposed SMC-OPC
method along with uncontrolled, passive-on, and pas-
sive-off cases are presented in Section 5. Conclusions of
the research are summarized in Section 6.

2. Nonlinear sliding mode control

In this section, a state-space based nonlinear SMC-
OPC is initially derived for the active control of a

fully observable system. Then, the considerations of
semi-active control and partial observability are
accounted in the design implementation for the particu-
lar system in Section 4. In that respect, a general line-
arized system subjected to stochastic disturbance is
assumed and represented in state-space model as

_X ¼ G X, u, tð Þ ¼ AstateXþ Buþ Fe ð1Þ

where X is the response vector and Astate is the system
matrix which is derived using mass, damping, and stiff-
ness components of the dynamic system. In addition,
the system matrix can include models for the dynamics
of the passive-off component of the control device and
stochastically linearized models for the nonlinear behav-
ior of the system. In equation (1), Fe and B represent the
excitation vector and the location matrix of controllers.
The control component, u, denotes the force vector
applied by active or semi-active controller. Unlike the
case in conventional LQR and Linear Quadratic
Gaussian (LQG) methods, the design of SMC is not
based on a minimization procedure. Instead, the SMC
design is known to be a two-step procedure. The first
step involves the design of the sliding surface. Then, a
control law is selected to drive the response variables to
the defined sliding surface. In order to design linear
SMC forces, an optimal sliding surface can be obtained
based on minimizing a LQR performance index, LLQR,
with semi-positive weighting matrix, Q1

LLQR ¼

Z 1
0

XTQ1Xdt ð2Þ

The corresponding linear sliding surface is
represented by

S ¼ PX ð3Þ

where P is to be determined according to LQR method
in order to force the system state trajectory to move
along a stable manifold (Utkin, 1992; Yang et al.,
1994; Adhikari and Yamaguchi, 1997). To enhance
the transient response, this study proposes extending
the sliding surface to include higher order nonlinear
terms; this extension is expected to improve vibration
mitigation of the system. As a result, the performance
index is expanded to include higher order terms
(HOT) to

LOPC ¼

Z 1
0

XTQ1XþHOT
� �

dt ð4Þ

where the terms, Q1 and HOT are defined later in equa-
tion (19). First, to design the sliding surface, the
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state-space system in equation (1) is converted into the
so-called regular form of transformation (Utkin, 1992).
The converted system of the state space vector, Y, is
represented by

_Y ¼ ÂstateYþ B̂uþ F̂e, Y ¼ DX ð5Þ

where D is the orthogonal transformation matrix. The
system is transformed and represented with new state-
space system, defined by Âstate (¼ DAstateD

�1), B̂

(¼ DB), F̂e (¼ DFe). The new system matrices can be
partitioned as

Y ¼
Y1

Y2

� �
, Âstate ¼

Âstate1 Âstate12

Âstate21 Âstate2

" #
,

B̂ ¼
0

BT

� �
and F̂e ¼

F̂e1

F̂e2

( ) ð6Þ

where BT is the transformed sub-location matrix.
Assuming that the vector, Y, is an N-dimensional trans-
formed response vector and u is a P-dimensional con-
trol force vector, the vector, Y1, includes the (N-P)
components that are independent of the control force.
The remaining P components of Y form the vector Y2.
This approach enables designing a state space-based
surface that is explicitly a function of only Y1 and Y2.
As a result, the system in equation (5) can be
rewritten as

_Y1 ¼ Âstate1Y1 þ Âstate12Y2 þ F̂e1 ð7aÞ

_Y2 ¼ Âstate21Y1 þ BTuþ Âstate2Y2 þ F̂e2 ð7bÞ

In the design of the sliding surface using OPC, Y1 and
Y2 play the role of the state vector and the control force
of a traditional system, respectively. The term Âstate12Y2

can be considered virtually as a control force and sub-
stituted by B0u0, therefore

_Y1 ¼ Âstate1Y1 þ B0u0 þ F̂e1 ð7cÞ

where B0 is the location matrix and u0ð¼ Y2Þ is the vir-
tual control force. Referring to El-Khoury et al. (2015),
the performance index of system in equation (7a) is
represented by

LOPC¼

Z 1
0

YT
1Q11Y1þY

T
2Q22Y2þ YT

1MY1

� �
YT

1Q33Y1

� ��
þ �h Y1ð Þ

�
dt ð8Þ

The semi-positive definite matrices, Q11, Q22, and Q33

are gain components. The relationship of these gains

with the matrices in equation (4) is shown later in equa-
tions (18) and (19). The term, h Y1ð Þ, is defined as

�h Y1ð Þ ¼ YT
1MY1

� �
YT

1M:Â
T

state12
Q�133 : Y

T
1MY1

� �
MY1 ð9Þ

The virtual OPC force is derived as

u0 ¼ Y2 ¼ �Q
�1
22 Â

T

state12
PY1 þQ�122 Â

T

state12
YT

1MY1

� �
MY1

ð10Þ

in which the Ricatti matrix, P, andM are determined as

PÂ
T

state11
þ Â

T

state11
P� PÂ

T

state12
Q�12 Â

T

state12
PþQ11 ¼ 0

0 ¼M Âstate11 � Â
T

state12
Q�122 A

T
12P

� 	
þ Âstate11 � Â

T

state12
Q�122 A

T
12P

� 	T
PþQ33 ð11Þ

The condition in equation (10) can be enforced through
a sliding surface, S, that satisfies the stability condition
(S ¼ 0; _S ¼ 0) according to the Utkin–Drazenovic
method (Utkin, 1992). This surface can be defined by

S ¼ Y2 þQ�122 Â
T

state12
PY1 þQ�122 Â

T

state12
YT

1MY1

� �
MY1

ð12Þ

Differentiating the sliding surface in equation (12) with
respect to time, _S is

_S ¼ _Y2 þQ�122 Â
T

state12
P _Y1 þ _f Y1ð Þ ð13Þ

where f Y1ð Þ equals Q�122 Â
T

state12
YT

1MY1

� �
MY1 and _f Y1ð Þ

d _f Y1ð Þ=dt
� �

is the time differential. Substituting
equations (7a) and (7b) into equation (13), _S can be
derived as

_S ¼ Âstate21Y1 þ BTuþ Âstate2Y2 þ F̂e2
� 	
þQ�122 Â

T

state12
P Âstate1Y1 þ Âstate12Y2 þ F̂e1

� 	
þ _f Y1ð Þ

ð14Þ

This equation can be rearranged as

_S ¼ Q�122 Â
T

state12
P 1

h i Âstate1 Âstate12

Âstate21 Âstate2

" #
Y1

Y2

� �

þ BTuþ Q�122 Â
T

state12
P 1

h i
F̂e1

F̂e2

( )
þ _f Y1ð Þ ð15Þ
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For the convergence of sliding surface, equation (15) is
equated to zero. Next, substituting

¼
Y1

Y2

� �
, F̂e ¼

F̂e1

F̂e2

( )
, D00 ¼ Q�122 Â

T

state12
P 1

h i
,

and Âstate ¼
Âstate1 Âstate12

Âstate21 Âstate2

" #

the control force, u, becomes

u ¼ �B�1T D00ÂstateYþD00F̂e þ _f Y1ð Þ

� 	
ð16Þ

The control force in equation (15) works ideally for an
external disturbance, F̂e, that is known a priori.
However, for the case of seismic excitations, F̂e is not
known prior to the occurrence. Therefore, the term, F̂e,
is dropped and is replaced by a properly selected par-
ameter, � (� 0Þ, so that the reachability of the sliding
mode is guaranteed with the condition of S _S ¼ 0
(Adhikari and Yamaguchi, 1997). It is common that
� is considered to be a percentage of the inertial force
(� ¼ �m €xg,0 � � � 1). In this approach, the SMC-OPC
control force is adjusted to

u ¼ � � � satðSÞ ð17Þ

where � is defined as �B�1T D00ÂstateYþ _f Y1ð Þ

� 	
. In

order to reduce chattering, the saturation function,
sat �ð Þ, can be replaced by a tangent hyperbolic func-
tion. Substituting

Y ¼
Y1

Y2

� �
¼ DX ¼

D1

D2

� �
X


 �

and Y1 ¼ D1X in equation (8), the performance index,
LOPC, is rearranged as

LOPC ¼

Z 1
0

 
XTDT

Q11 0

0 Q22

� �
DX

þ XTDT
1MD1X

� �
XTDT

1Q33D1X
� �

þ �h D1Xð Þ

!
dt

ð18Þ

which demonstrates the new optimization problem.
Comparing equation (18) to equation (4), the matrix,
Q1, and HOT are defined as

Q1¼D
T

Q11 0

0 Q22

� �
D

HOT¼ XTDT
1MD1X

� �
XTQ2X
� �

þ �h D1Xð Þ&Q2¼D
T
1Q33D1

ð19Þ

3. Case study bridge system

The proposed control methodology is applied to a
three-span bridge equipped with two semi-active MR
dampers attached between adjacent spans. The bridge
model includes three reinforced concrete decks, each
supported by four rubber bearings, as shown in
Figure 1(a). The dimensions of the bridge are given in
the longitudinal and top views in Figure 1(b). In this
setting, the four supports of span A and the two left
supports of span B are positioned on shake-table A,
whereas the two right supports of span B and the sup-
ports of span C are placed on shake-table B.
Considering the short distance between the supports,
it is assumed that the ground motions are fully corre-
lated meaning that the same ground motion records are
applied to both shake-tables. As the structure is sym-
metric with respect to the longitudinal axis and ground
motions are applied in the longitudinal direction, a one
directional model will be able to predict the dynamic
response of the decks.

In cases of large deformations, pounding in the
bridge may occur between adjacent spans and between
spans and abutments. Pounding can be detected by
large acceleration spikes in the response of the spans.
For seismic pounding mitigation, MR dampers manu-
factured by Lord Corporation, USA, are installed
between adjacent spans for the passively and semi-
actively controlled bridge, as shown in Figure 1(a)
and Figure 1(b). The input current to the MR dampers
which control the forces applied to the system varies
from 0 to 2 A, the force capacity is �2000N, the max-
imum stroke is� 27.5mm, the maximum velocity is
200mm/sec, the extended length is 208mm, and the
weight is about 1 kg. During the shake-table test of
the uncontrolled system, displacement and acceleration
responses are measured in real-time using piezoelectric
sensors and accelerometers, respectively, as shown in
Figure 1(c). In the controlled system, the measured
responses are used to estimate the state vector through
an observer model. In the following subsections, the
modeling approach of the bridge components including
rubber and lead-rubber bearings, the semi-active
device, and the pounding phenomenon is elaborated.

3.1. Models of hysteretic components

Components such as bearings and MR dampers that
dissipate energy can be characterized by their hysteretic
behaviors (El-Khoury et al., 2015). In order to capture
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this type of nonlinearity, the Bouc–Wen model (Bouc,
1971; Wen, 1976) has been extensively used for different
applications, for example, system identification of MR
dampers (Kwok et al., 2007; Ikhouane and Dyke,
2007), structural elements (Ikhouane et al., 2007),
base-isolation devices (Marano et al., 2007), soil mater-
ial (Gerolymos and Gazetas, 2007), and energy dissipa-
tion systems (Shih and Sung, 2005). The hysteresis is a
form of nonlinearity where the restoring force depends
on both the current deformation and the deformation
history (Ikhouane and Rodellar, 2007). Here, the hys-
teretic force is modeled by a set of stiffness, damping,
and hysteresis components, as shown in Figure 2(a).
This approach is implemented in this study to represent
the nonlinear dynamic behavior of the uncontrolled
and controlled bridge. In the uncontrolled state, each
span is separated by a gap distance as defined in
Figure 2. For the controlled state, the MR damper is

added and modelled by a parallel system of damping,
stiffness, and hysteresis, as depicted in Figure 2(b).

To capture the nonlinear behavior of the bearings
and the MR damper, the restoring force for the
rubber bearing, Fj, and the MR damper, FMR, are mod-
eled as

Fj ¼ kj �jxj þ 1� �j
� �

zj
� �

j ¼ 1, 2, 3ð Þ ð20Þ

FMR ¼ �_xMR
_xj þ �zMR

zj j ¼ 4, 5ð Þ ð21Þ

_xj ¼ _xj�2 � _xj�3

where xj and _xj are the displacement and velocities of
jth hysteretic component, respectively. The subscript j
ranges from 1 to 5, referring to spans A, B, C, and the
MR damper between spans A and B, and between
spans B and C. The model parameters kj, �_xMR

, and

Figure 1. Three-span bridge equipped with magnetorheological (MR) dampers between adjacent spans: (a) a picture of the bridge

model taken during shake-table tests, (b) profile view of the three-span bridge, and (c) top view of the three-span bridge indicating the

location and direction of linear variable differential transformers (LVDT) and accelerometers.
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�zMR
are the stiffness and pre-yield factor of rubber

bearing, and the damping and hysteretic component
of the MR damper, respectively. In addition, the vari-
able, zj, is the jth evolutionary term governed by the
Bouc–Wen differential equation defined as

_zj ¼ Aj _xj � �jj _xj jzj � �j _xj jzj j ð j ¼ 1, . . . 5Þ ð22Þ

where Aj, �j, and �j are parameters that control the
shape of the loop. The general slope is controlled by
�j þ �j
� �

. Parameters �_xMR
and �zMR

are decomposed
into passive-off and passive-on components with
respect to the current, ic, as

�_xMR
¼ �_xMR

0þ ic�_xMR
1þ i2c�_xMR

2 ð23Þ

�zMR
¼ �zMR

0þ ic�zMR
1þ i2c�zMR

2 ð24Þ

where � _xMR0
, �zMR0

, � _xMR1
, �zMR1

, � _xMR2
, and �zMR2

and
characterize the impact of control current.

To determine the model parameters shown above, a
global optimization method based on gradient descent
for bearings and MR dampers is used to minimize an
error cost function between the experimental data and
simulation results (El-Khoury et al., 2015). For the
bearings, the three-span bridge is subjected to a scaled
Kobe earthquake. The parameters of the nonlinear
model for rubber bearings in spans A, B, and C are

shown in Table 1. For the MR damper, data of cyclic
tests with a frequency of 1 Hz for currents ranging
between 0 and 2A was provided by the manufacturing
company. The Bouc–Wen parameters for MR damper
are represented as a function of the input current
(�_xMR2

¼�5.7N s/mm A2, �zMR2
¼�10.3N/mm.A2,

�_xMR1
¼ 13.1N s/mm A, �zMR1

¼ 51.9N/mm A,
�_xMR0

¼ 1.4N s/mm, �zMR0
¼ 7.0N/mm, A4 ¼ 45:48,

�4 ¼ 0:56, �4 ¼ 1:38). Calibration results are shown in
Figure 3 where a good agreement is observed between
simulation and experiment results for the MR damper
operating at different current levels (0 to 2A). The force
in the MR damper increases with current, from about
250N at 0A to around 2000N at 2A.

Figure 2. Components of the three-span bridge model in (a) uncontrolled state and (b) controlled state equipped with magne-

torheological (MR) dampers.

Table 1. Calibration results for Bouc–Wen model of rubber

bearings.

Rubber bearings

Parameters

Span Aj � j �j �j kj (N/mm)

A (j¼ 1) 1.20 0.26 0.74 0.63 1548.0

B (j¼ 2) 1.99 0.89 0.11 0.68 945.2

C (j¼ 3) 8.29 0.36 0.64 0.94 1298.0
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3.2. Pounding model

A damped Hertz impact model is employed here to
capture pounding in the bridge when a gap between
adjacent segments is closed. According to this model,
the impact force can be determined from

Fimpact ¼ kh �y12 � gp
� �#

1þ
3

4

1� e2
� �

�v12
_y12

� �
ð25Þ

where the coefficient of restitution, e, is 0.6 for concrete,
kh is the impact stiffness, gp is the gap distance, # is the
Hertz coefficient that is typically taken as 1.5. The vari-
ables, y12 and _y12, are the relative displacement and
velocity between two adjacent nodes, respectively,
while �v12 is the relative velocity before impact
(Muthukumar and DesRoches, 2006; El-Khoury
et al., 2015).

For experimental verification, pounding can be iden-
tified when large spikes in the absolute acceleration
responses are observed. For instance, if opposite

spikes at a given instant are observed in the absolute
accelerations of adjacent spans, it indicates that pound-
ing has occurred between those spans. Elsewhere, a
large spike in the total span acceleration is an indica-
tion of the pounding between that span and the adja-
cent abutment. The pounding model is tested for the
uncontrolled three-span bridge subjected to KB40 and
the response is plotted in Figure 4. It can be observed
that pounding occurred primarily between adjacent
spans. In addition, the pounding model was able to
capture the majority of acceleration spikes.

4. Implementation of the control
algorithm

As mentioned earlier, this paper investigates the semi-
active control of a nonlinear partially observed system.
In order to achieve an optimal control performance, a
number of additional steps are taken in the control
design including linearization of the system,
modeling constraints of the semi-active control force,

(a) (b)

(c)

(e)

(d)

Figure 3. Calibration results based on harmonic tests of the magnetorheological (MR) damper set at different currents: (a) 0.0 A, (b)

0.5 A, (c) 1.0 A, (d) 1.5 A, and 2 A (____ Experiment, —– Simulation).
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and designing an observer for the partially observed
system. First, the nonlinear passive-off bridge model
is linearized stochastically. Next, a second-level opti-
mization is carried out in order to find the optimal
gains of the SMC-OPC controller such that the per-
formance of the MR damper is maximized based on a
defined objective function. A clipped optimal strategy
and a Kalman-based observer are designed to drive the
MR damper forces into a feasible range based on cur-
rent saturation and to estimate the state space given the
measured responses, respectively.

4.1. Stochastic linearization

In conventional linearization, the nonlinearity of the
components is ignored and the system is calibrated
and linearized based on initial or equivalent linear stiff-
ness, which may yield inaccurate response predictions.
Stochastic linearization replaces the hysteretic compo-
nents by equivalent linear time invariant models
through minimizing the residual errors arising from
the linearization process (Basili and De Angelis, 2007;
Basili et al., 2013; El-Khoury et al., 2015). The stochas-
tic linearization strategy is applied to the three-span
bridge equipped with MR dampers at zero current.
The equation of motion of the dynamic system is pre-
sented as

M €Uþ Cd
_Uþ KUUþ KZZ ¼M €xg ð26Þ

where the matrices, M, Cd, KU, and KZ are the mass,
damping, linear stiffness, and nonlinear stiffness matri-
ces, respectively. U is the linear displacement vector
identified as ½x1; x2; x3�, and Z is the evolutionary
vector presented as ½z1; z2; z3; z4; z5�. The variables
x1, x2, x3 are displacements of spans A, B and C, and
z1, z2, z3, z4, and z5 are the hysteretic terms in the sup-
port models for spans A, B, and C, and the two MR
dampers, respectively. €xg is the ground motion vector
applied to the three-span bridge. As mentioned in
Section 3.1, the hysteretic behavior is characterized by
the Bouc–Wen model, presented as

_zj ¼ A _xj � � _xj
�� ��zj � � _xjjzj j ð27Þ

where the subscript, j (¼1, 2. . . 5), refers to spans A, B,
and C, and MR dampers, respectively. Since this equa-
tion depends only on the velocity and hysteretic term,
the equivalent linearized equation is presented as

_zj ¼ �Cj _xj �Kjzj ð28Þ

where Cj and Kj are the linearized parameters of the
velocity and hysteretic term, respectively. Under the
assumption that _xj and zj are zero mean joint
Gaussian processes, the linearized parameters, Cj and
Kj, are obtained by partially differentiating equation
(28) with respect to _xj and zj, respectively:

Cj ¼ �
@ _zj
� �
@ _xj
� � ,Kj ¼ �

@ _zj
� �
@ zj
� � ð29Þ

(a) (b)

(c)

Figure 4. Acceleration response of the three-span bridge subjected to KB40: (a) span A, (b) span B, and (c) span C.
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Applying equation (28) to equation (26), the linearized
parameters are presented as

Cj ¼ �jE
z@ _xj
�� ��� �
@ _xj

� �
þ � jE zj

�� �� �
�Aj ð30Þ

Kj ¼ �jE _xj
�� �� �
þ � jE

_xj@ zj
�� ��� �
@zj

� �
ð31Þ

Since the external excitation is assumed to be a
Gaussian process and the variables are jointly
Gaussian, the linearized parameters can be evaluated
in terms of the second moments as follows

Cj ¼

ffiffiffiffi
2

�

r
�j�zj þ

� jE _xjzj
� �
� _xj

" #
�Aj ð32Þ

Kj ¼

ffiffiffi
2

�

r
�jE _xjzj

� �
�zj

þ � j� _xj

" #
ð33Þ

where E _xjzj
� �

is the expected value of _xjzj, and �
2
_xj
and

�2zj are the variances of _xj and zj, respectively (Socha
2008; To, 2011). Using the initial values of the linear-
ized parameters, a Lyapunov equation is used to com-
pute the second moments which are then substituted in
equations (32) and (33) until the difference in the results
of the pth and (pþ1)th iterations is within a prescribed
margin of error. Next, the converged linearized param-
eters, Cj and Kj are substituted in equation (28) and
rearranged in the state space. Consequently, the linear-
ized bridge model is derived as

_X ¼ AstateXþ Fe ð34Þ

where the state vector,X, is defined as

X ¼ ½U; _U;Z� ð35Þ

The system matrix, Astate, includes mass, damping, and
nonlinear stiffness components of the three-span
bridge:

Astate ¼

0 I 0

�M�1KU �M�1Cd �M
�1KZ

0 Cb Kb

2
664

3
775 ð36Þ

where Cb, Kb, and Fe are the linearized parameters for
velocity and hysteretic components in the system and
the external excitation vector, respectively. This proced-
ure is used to derive the stochastic linear model of the
passive-controlled system, i.e. the bridge model com-
bined with the passive component of the MR damper.
The performance of this model is compared to the non-
linear and linear elastic models of the bridge for the
Kobe ground motion scaled at 40% (KB40), and the
results are presented in Figure 5. It is seen that the sto-
chastically linearized model predicts well the response
of the nonlinear bridge compared to the deterministic
linear elastic model. This performance is expected since
stochastic linearization replaces the nonlinear differen-
tial equation of the system by a linear one that is
derived based on statistical measures considering the
hysteretic behavior of the bridge. This ensures more
accurate representation of system responses compared
to the conventional linear elastic approach, which
ignores the z component.

(a) (b)

(c)

Figure 5. Time history of nonlinear model (NM) versus stochastic linearization (SLM) and linear elastic linearization (LEM) methods

for (a) displacement of span A, (b) displacement of span B, and (c) displacement of span C under KB40.
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4.2. Second-level optimization

The weighting matrices in equations (18) and (19) are
commonly determined based on the designer’s prior
knowledge or an iterative procedure. However, such
methods may not yield optimal results in most cases
and better solutions can be achieved through a well-
defined second-level optimization. In order to deter-
mine the optimal weighting matrices, Q1 and Q2, and
the parameter, �, in equations (17), (18), and (19), a
second-level optimization cost function can be defined
based on the interest and the judgment of the designer.

Here, the second-level global optimization problem is
defined by a cost function which includes a combin-
ation of different response variables. For the three-
span bridge, one of the primary objectives of the
control strategy is to reduce the likelihood of pounding
and acceleration. To consider a combination of the crit-
ical responses, an objective function, L2, is considered
to incorporate the critical displacements (pounding)
and absolute span accelerations:

L2 ¼

 
max�x1C
max�x1P

þ
maxþx12C
maxþx12P

þ
maxþx23C
maxþx23P

þ
maxþx3C
maxþx3P

þ
max €x1C

max €x1P
þ
max €x2C

max €x2P
þ
max €x3C

max €x3P
Þ Q1,Q2,�½ � ð37Þ

where the subscripts �ð ÞC and �ð ÞP refer to the SMC-
OPC and passive-on states, respectively. The critical
displacements are relative displacements between two
sides of a gap in the direction of gap closure. For
example, maxþx12C

refers to the maximum of the posi-
tive relative displacement of span A with respect to
span B, while max�x1C represents the maximum relative
displacement of span C with respect to the adjacent
abutment in the negative direction. If these displace-
ments are equal to the corresponding gap sizes,
pounding will occur. On the other hand,max12C
refers to the maximum absolute relative displacement
of span A and span B irrespective of direction; that is,
max jx1 � x2jð Þ.The first four components consider the
ratio of the max directional displacements, whereas
the rest of the components take into account the
ratio of the maximum absolute acceleration responses
in the semi-actively controlled versus passively con-
trolled bridge.

4.3. Clipped semi-active control forces

During simulation and shake-table tests, clipped opti-
mal rules are considered in order to apply the control
force constraints of the semi-active device. These con-
straints include the dependency of the applied control
force on the direction of the dynamic response of the
MR damper and the force capacity of the device. To
incorporate these limitations in the control model, the
feasible range of 0 and 2A for the input current to the
MR damper is considered and the following force sat-
uration model is applied.

where �j(j¼ 4, 5) is the root of

uunconstrainedj � �j�_xMR1
þ�2

j �_xMR2

� 	
_xj

þ �j�zMR1
þ�2

j �zMR2

� 	
zj ¼ 0 ð39Þ

and the unconstrained control force vector, uunconstrained,
is the active control force from equation (17).

5. Results

In order to evaluate the control performance of
the three-span bridge subjected to seismic excita-
tions, four cases are considered for shake-table
experiments:

(a) uncontrolled, where no MR damper is installed on
the bridge;

(b) passive-off, where two MR dampers are installed
between adjacent spans and are set to minimum
current of 0A;

(c) passive-on, where both dampers are set to maximum
current of 2A;

(d) SMC-OPC control, where a current value is deter-
mined from the control algorithm and fed into the
MR damper instantaneously.

In this study, the Kobe earthquake is considered, which
is a near-field event with high-amplitude, long-period
velocity pulses and a peak ground acceleration (PGA)
of 0.821 g. This ground motion exported from NGA
database (Chiou and Youngs, 2008) was recorded at
the KJMA Observatory station, with a distance to
fault rupture of 0.6 km.

uconstrained ¼
uconstrained1
uconstrained2

� �
¼

0 �j 5 0Amp
uunconstrainedj�3 0Amp � �j � 2Amp

� 2�_xMR1
þ 22�_xMR2

� 	
_xj þ 2�zMR1

þ 22�zMR2

� 	
zj �j 4 2Amp

)
j�3

2
64

3
75 ð38Þ
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The results, here, are analyzed for Kobe ground
motion scaled at 20% (KB20) and 40% (KB40). For
KB20, no pounding is observed in any of the cases;
however, the critical displacement responses, xþ12 and
xþ23, are reduced to 23% and 48% at passive-on state
and 28% and 61% at semi-active state, respectively, in
comparison to the uncontrolled case. As for the accel-
eration responses, the passive-off case has the smallest
absolute accelerations, in which €x1, €x2, and €x3 are
reduced by 10%, 13%, and 1%, respectively, compared
to the uncontrolled case.

For KB40, the performance of passive and semi-
active control strategies are more pronounced as com-
pared to the uncontrolled bridge. For this scaled
ground motion, significant pounding is observed
between adjacent spans in both the uncontrolled and
passive-off states. Nevertheless, the number of acceler-
ation spikes for passive-off are reduced by at least 25%
compared to the uncontrolled state; four spikes for €x1,
eight spikes for €x2, and four spikes for €x3. As for the
semi-actively controlled system, a significant improve-
ment is shown compared to the uncontrolled state espe-
cially where 41% and 32% reductions in the relative
displacements, x12 and x23 are observed. For the same

response measures, these reductions are 46% and 37%
for the passive-on control case. For further illustration,
the time history of displacement and acceleration
responses are shown in Figures 6 and 7. In addition,
the bearing forces applied on span B are plotted in
Figure 8 where a pronounced improvement is observed
in terms of the peak forces compared to the uncon-
trolled case: 32% reduction for both passive-on and
SMC-OPC, and 13% reduction for passive-off.
Similar behaviors are seen for bearings of spans A
and C.

One of the main advantages of the control algorithm
is its performance convergence to that of passive-on but
at a lower cost by minimizing current and energy con-
sumptions, as recorded in Tables 2 and 3. The control
energy, E, of an MR damper is a more accurate meas-
ure than current to indicate the power consumption of
the system. The control energy is defined as

E ¼ i2Rcoil ð40Þ

where Rcoil is the resistance of the coil wire (Nguyen
et al., 2008). The results can be summarized as follows:
the mean current values for semi-active MR-AB and

(a) (b)

(c) (d)

(e) (f)

Figure 6. Time history response of the three-span bridge with various control states subjected to KB40 for displacements of (a)

span A, (b) AB, (c) BC, and (d) span C and current of magnetorheological (MR) dampers (e) AB and (f) BC. SMC-OPC: sliding mode

control-optimal polynomial control.
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MR-BC at KB40 are reduced to 74% and 53% of pas-
sive-on case, and the energy consumptions for both
MR dampers are reduced further to 37% and 26% of
passive-on state. Similar results are observed for KB20,
where the power consumption is reduced by 69% for
both MR dampers compared to passive-on case.

From the experiment results especially for the high-
intensity earthquake, it appears that reducing critical
displacements helps in avoiding pounding and hence
the acceleration values stay within moderate levels.
Adding MR dampers enhances the energy dissipation
capabilities of the system especially for ground motions

(a) (b)

(c) (d)

Figure 8. Force–deformation behavior of bearing forces applied to span B under KB40 for (a) uncontrolled, (b) passive-off, (c)

passive-on, and (d) SMC-OPC (sliding mode control-optimal polynomial control).

(a) (b)

(c)

Figure 7. Absolute acceleration time history of three-span bridge for different control states subjected to KB40 for (a) span A,

(b) span B, and (c) span C. SMC-OPC: sliding mode control-optimal polynomial control.
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with large PGA. Using these strategies, the likelihood
of failure, collapse, and pounding can be noticeably
reduced. For semi-active control, the performance of
the system converges to that of the passive-on state

with a considerable reduction in the energy consump-
tion, as shown earlier. However, if the damper cannot
operate semi-actively or at a constant nonzero current
value, the passive-off state can still reduce the impact of

Table 2. Results for three-span bridge subjected to KB20.

State

Critical/Peak displacements (mm) and peak accelerations (g)

x1 x12 x23 x3 €x1 €x2 €x3

Uncontrolled 2.40/2.80 16.61/17.05 16.50/17.10 1.32/1.64 0.33 0.38 0.27

Passive-off 2.75/2.65 12.34/12.34 11.56/12.61 1.41/1.83 0.30 0.33 0.27

Passive-on 4.93/6.01 3.89/6.01 8.04/8.04 3.20/3.36 0.36 0.35 0.30

SMC-OPC 4.76/6.3 4.64/7.15 10.01/10.11 2.92/3.08 0.33 0.35 0.36

State

RMS of displacements (mm) and accelerations (g)

x1 x12 x23 x3 €x1 €x2 €x3

Uncontrolled 0.32 2.42 2.43 0.23 0.05 0.06 0.04

Passive-off 0.37 1.78 1.79 0.26 0.05 0.05 0.04

Passive-on 0.65 0.50 0.70 0.78 0.05 0.05 0.05

SMC-OPC 0.69 0.66 0.82 0.865 0.05 0.05 0.05

Current Ratio¼
�iSMC�OPC

�iPassive�on

/ Energy Ratio¼
�ESMC�OPC

�EPassive�on

State MR-AB MR-BC

SMC-OPC 0.61 / 0.31 0.62 / 0.31

Table 3. Results for three-span bridge subjected to KB40.

State

Critical/Peak displacements (mm) and peak accelerations (g)

x1 x12 x23 x3 €x1 €x2 €x3

Uncontrolled 13.62/18.56 28.88/28.88 30.31/30.31 8.24/15.95 7.32 7.60 16.79

Passive-off 10.73/11.79 25.99/25.99 29.00/29.00 4.38/12.66 5.52 4.09 11.28

Passive-on 8.72/11.22 15.70/18.94 19.49/19.49 4.87/4.76 0.59 0.53 0.51

SMC-OPC 9.37/11.99 16.97/19.97 20.48/20.48 5.32/5.52 0.62 0.55 0.53

State

RMS of displacements (mm) and accelerations (g)

x1 x12 x23 x3 €x1 €x2 €x3

Uncontrolled 1.82 4.23 4.64 4.84 1.26 0.17 0.15

Passive-off 1.42 4.11 4.42 0.80 0.10 0.11 0.10

Passive-on 1.45 1.97 2.38 2.71 0.08 0.08 0.07

SMC-OPC 1.54 2.02 2.35 2.84 0.08 0.09 0.07

Current Ratio¼
�iSMC�OPC

�iPassive�on

/ Energy Ratio¼
�ESMC�OPC

�EPassive�on

State MR-AB MR-BC

SMC-OPC 0.74 / 0.37 0.53 / 0.26
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pounding as observed with fewer and less severe accel-
eration spikes compared to uncontrolled state
(Figure 7). As a result, both passive and semi-active
strategies have noticeable impacts on the seismic per-
formance of the bridge and can be adopted as alterna-
tive solutions for seismic risk reduction of critical
structures.

6. Conclusion

In this paper, the effectiveness of MR dampers con-
trolled using passive and semi-active strategies are
examined for response reduction and in particular
pounding mitigation of adjacent structures. The
damper is set at zero current, maximum current, and
a current value that is determined through a semi-active
control strategy. In that respect, a new state-space-
based control algorithm, named SMC-OPC is intro-
duced and derived. SMC-OPC is based on a nonlinear
sliding mode control, in which the linear sliding surface
is expanded to a higher order trajectory. The higher
order surface provides more flexibility to optimize the
performance and maximize the robustness of the con-
troller compared to linear sliding surfaces. Alongside
the passive states, SMC-OPC is designed and tested
using shake-table experiments for a three-span bridge
supported by nonlinear bearings. For this system, the
control objectives are to reduce excessive deformations
that may lead to collapse and the potential of pound-
ing, depicted by spikes of absolute accelerations, since it
may pose considerable damage to adjacent structures.

To suppress the extreme effects of seismic-induced
vibrations, two MR dampers are installed between
adjacent spans. For semi-active technology, the clipped
semi-active control strategy is adopted to optimize the
performance of the MR damper as compared to the
three conditions: uncontrolled, passive-off where the
input current is zero, and passive-on which has the
maximum input current of 2A. The control design pro-
cess starts with developing numerical models for the
characterization of nonlinear components of the
system. The hysteresis in both the MR damper and
rubber bearings is simulated using Bouc–Wen model,
whereas the nonlinear pounding phenomenon between
spans and abutments is captured using a damped Hertz
model.

To design the state-space control strategy, the non-
linear system is stochastically linearized where the non-
linear behavior of the passive MR damper is
incorporated. Next, a clipped optimal strategy is uti-
lized to account for MR damper constraints in the
SMC-OPC algorithm. To provide an optimal perform-
ance of the control device, the selection of the weighting
matrices is made based on a global second-level opti-
mization of a prescribed cost function. Shake-table

experiments are conducted for the bridge models for
scaled near-field ground motion records. The results
show that passive-on at the stronger earthquake pro-
vides the best control performance with respect to redu-
cing structural responses. The proposed SMC-OPC
semi-active control method provides a balance between
the performance of the controlled system with respect
to its reliability, and the power consumption of the
controller which affects the performance of the control
device during the event. This strategy yields very close
performance to the passive-on case but with signifi-
cantly reduced energy consumption during the large
ground motion. Although the passive-off state is not
as efficient as SMC-OPC and passive-on, it is able to
noticeably reduce displacement and acceleration
responses compared to the uncontrolled state during
moderate and large earthquakes. This observation is
important as passive-off state can represent the case
where the power supply to the MR damper is failed.
Considering these factors, it can be concluded that
installation of MR dampers between adjacent struc-
tures has the potential to reduce damage due to pound-
ing and excessive gap openings in adjacent structures in
addition to mitigating other critical structural
responses. Such passive and semi-active strategies can
keep bridges operational following moderate and large
seismic events.
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